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Abstract

The project deals with the control of a laboratory-located MIMO process.

Two controllers are developed, namely a LQR controller (Linear Quadratic Regulator) and a
Robust controller.

To be able to develop a controller, a process model is estimated, which covers the main part
of this essay.

To perform any system identification and to implement any controller, a flexible-graphical
software program has been written, that easily performs the above tests.

Physical laws are used to derive a model structure, to overcome the problem of choosing the
correct model structure for model identification. This method is also known asphysical
parameterized modelling. The model structure contains known and unknown parts that are
identified using a one-step-ahead prediction. A regularization technique is used, to restore the
ill-conditioned Jacobian, due to the poor influence of the identification parameters on the
model output.

An open-loop identification is performed of the final closed-loop system (including the
controlier).

An open-loop identification of the closed-loop has been chosen, to take a closer look at
closed-loop identification and because the process is poorly damped.

A non-linear and a linear discrete process model are estimated. Because the non-linear model
cannot be used to develop our controllers, we use it as a way to test the derived model
structure.

The non-linear model is obtained by performing a direct identification. That means that the
process inputs are used as the identification inputs, instead of the reference inputs of the
closed-loop system.

The identification parameters of the linear model are retrieved from the identified closed-loop
model, by making use of the known controller model.

A Binary and Generalized binary noise signal is used as test-input signal. The a-priori
information, needed to design these signals, is extracted from a calculated process model,
were a good guess is made of the identification parameters.

The estimated non-linear and linear model are validated by simulation, residual analysis and a
scalar error measurement, all of them indicating a small model error.

The LQR controller, used to perform the “closed-loop” identification is based on the above
calculated model.

With the estimated process model, a (new) LQR controller and a Robust controller are
developed, such that the closed-loop is asymptotically stable and that the performance
requirements are met as good as possible.

The performance requirements consist of a (well-known) zero tracking error, small overshoot
and a “fast” step response with no actuator saturation.

The measured process outputs correspond to the states of our process model, such that no
observer is used. This results in a robust stability margin.



The identification parameters have a physical significance, which can easily change through
changing, for example a process valve. The possible parameter uncertaintics are well defined,
such that a robust controller is developed, that can deal with these uncertainties in an explicit
manner.

The 1/ H., theory is used to develop our controller, such that we can guarantee pre-defined
controller objectives, regardless of the parameter uncertainties.

The controller is calculated by assuming a full complex uncertainty matrix (unstructured
uncertainty), such that “simple” algorithms can be used to calculate the controller. This leads
to conservative results, as we are dealing with structured uncertainty, leading to a diagonal
uncertainty matrix. The conservatism results are reduced by keeping the dimensions of
structured uncertainty matrix as small as “possible”. This can be achieved by choosing only
uncertain parameters (efficient parameters) that have a considerable influence on the output.
The regularization technique, used during identifications, is used to select the efficient
parameters.

An uncertainty state-space presentation is introduced, to formulate our robust controller

problem in a H. framework. It handles uncertain parameters that appear in a state-space
presentation in an easy way, and can easily be implemented in Matlab by using the p-
Analysis and Synthesis Toolbox.

It is shown that the closed-loop performance deterioration of both controllers is small in case
all uncertain parameters undergo a +20% parameter change. This is not that surprising, as
during identification we already noticed that most identification parameters have only little
influence on the process output, which was our motivation for using a regularization
technique.
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1

Introduction

The project deals with the development of several controllers for a laboratory MIMO process.
Before any controller can be developed, identification is performed to extract process
information, which is needed for controller development.

This chapter states some basic decisions and their motivation, that are necessary before we
can start with our project. The ideas used are clear and simple, but not to say unimportant.
Identification consists of the making of several choices, like model structure and input signal.
After these choices have been made, a model can “easily” be estimated by using some
mathematical tools.

These choices need to be considered carefully, as the quality of the model depends highly on
them. The choices are based on prior knowledge of the process. See the thesis of De Vries
[V1i94b] for a good discussion on the use of prior knowledge.

The trend these days is to develop general flexible models where fewer prior knowledge is
needed, because it can often be difficult to obtain.

With the above reasoning it can be quite easily understood, why Identification Engineers
often speak about identification as being more an art than a science. This is exactly why this
master thesis isn’t filled with a lot of mathematical equations to make our decisions. Rather,
we often use logical reasoning to come up with decisions whose accuracy, we can check later,
using our estimation results.



Chapter 1 Introduction

1.1 Modelling and Controlling

To develop a controller, some knowledge of the process to be controlled is needed. There are
many ways to represent this knowledge. The one most often used is the so called
“mathematical representation”.

In this thesis, the knowledge is stored in a discrete dynamical mathematical model, which is
used to develop several controllers, which results will be compared.

The quality of the model depends highly on the demands put on the controlled process, on the
process characteristics and on the specific type of controller applied.

The more accurate one wants to control the process, the more accurate one needs to store the
process knowledge.

Therefore it’s important to specify the identification procedure from a controller point of
view, by first specifying the controller demands, or, in other words:

Let the modelling effort reflects the intended use of the model.

Our controller demands are quite “simple”:

a zero steady state error of the output signals, with a step response as input signal;
a “small” settling time;

an overshoot of no more than about 5 %;

actuator saturation is allowed.

< 2 L 2

All this asks for an “accurate” model.

The “knowledge representation” needed for the controller depends on the type of controller.
For example, with a robust controller some uncertainty description may have to be
determined.

There are two basic approaches to mathematical modelling: white box modelling and black
box modelling.

White box models are solely constructed from prior knowledge and physical principles
without any use of measurements from the system. For obvious reasons this methods is also
referred to as physical modelling.

Black box models are designed entirely from data using no physical insight whatsoever. The
model structure is chosen from families that are known to be very flexible and successful in
past applications. This means that the parameters do not have a physical meaning; they are
tuned just to fit observed data as well as possible.

Black box identification is sometimes used as a synonym to system identification. However, a
much more convenient definition, and the one most commonly used, is that system
identification is the theory of designing mathematical models of dynamical systems from
observed data. We can use white box modelling techniques and tune some of the physical
parameters. This method is also known as physical parameterized modelling and explained
in-depth in the thesis of Lindskog [Lin96]. Physical parameterized modelling also implies
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that all identification methods can be categorised to be on a scale, ranging from pure black
box to white box.

The motivation of Lindskog for physical parameterized modelling is that real engineering

applications are never that “black”, which means that we are always able to collect some
process information, which can be used in our identification procedure.

In practice this process information is often discarded with the thought: “we won’t loose that
much”. By using general flexible structures it’s hoped that such information is captured by
tuning the parameters. However the price paid for flexibility is usually that many parameters

must be estimated, hereby violating another basic identification principle:

Do not estimate what is already known |

The above discussion on modelling is our main reason for using physical parameterized
modelling. Use is made of physical insight to come up with an appropriate model structure in
state-space structure. In this way a compact MIMO state space model is put forward, with
only a few parameters to be estimated. Because we only need to estimate a few parameters,
these will show a smaller variance than when a general flexible black box structure is chosen.

The process under study is non-linear. Physical parameterized modelling is able to estimate
non-linear models in an “easy” way. The only problem we have is that most of the control
methods, like the one we are going to use, are only able to cope with linear models.

There is chosen for an open-loop identification of the closed-loop, to

— investigate “close-loop identification”, as “most” industrial processes already use
feedback;

— the process is poorly damped, as it has it’s poles “close” to the imaginary axis, which
makes it difficult to manage the process during open-loop identification (a practical issue)

It may sound somewhat confusing when we speak about an open loop-loop identification of
the closed-loop, to estimate a process model. While in fact, we are performing an closed-loop
identification. So we if we speak about the closed-loop identification, we mean that we are
identifying a process model by performing an open-loop identification of the closed loop.

After the identification is performed and the required models are estimated, two controllers
will be developed, namely a robust and a LQR controller.

There is chosen for a robust controller because the position of the valves, as part of the
process (fig 2.1), can easily be changed and cause uncertainty in the parameters.

The LQR controller shows some robustness properties (chapter 4), when no use is made of an
observer to estimate the states. For this reason a LQR controller is developed, because the
process states form the measured process outputs.

The software tool Matlab 4.2¢, with the required toolboxes and Maple V 2.0a, will be used to
perform our identification and to develop the controllers.
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1.2 Thesis Outline

In the next chapter we will start with stating our objectives and a description of our process

under study.
In the chapters three and four a comprehensive treatment of some identification, and

controller design subjects are outlined.
[n chapter five and six, the outlined theory is used to perform our identification and develop

several controllers.

10
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Objectives and Process Description

We will begin this chapter by formulating our original objectives.

Next, a description of the process will be given, and a white box model of the process will be
derived. A non-linear and a linearized model structure will be derived and used during our
identification procedure, which is described in the next chapter.

2.1 Problem Formulation

In the introduction we already pointed out our final objectives and some basic choices,
concerning these objectives. However, in this section, we will formulate our original
objectives.

The process we wish to control, is described in detail in the next section. The process is
approximately time-invariant and non-linear. It has two control signals (the inputs) and three
outputs, which are the water levels, see figure 2.1 in the next section.

The problem formulation is as follows:

Identify a process model with conventional techniques, like the ones described in [Lju87] and
use this to design two controllers, namely a LQR and a Robust controller.

The controllers need to control the water levels in the outer columns.

11
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2.2 Process Description

The laboratory-located process was developed by the German company Amira, who also has
developed a software program, with Borland C++, to control the process.

The acquisition card for collecting data, which is mounted in the computer, is also made by
Amira. The acquisition card, DAC6214 uses 12 bits for D/A and A/D conversion. Amira also
offers an adapter card, which is an extension to the converter card, concerning interrupt
generation for real-time operation. However, this extension is not present in our
configuration, which means that all real-time functions have to be implemented with
software.

Figure 2.1 shows a clear view of the inputs (#; andu,) and outputs (/;, 4, and h3) of the
process.

We will derive a non-linear and a linear model structure, which describe the input-output
behaviour.

In appendix A./ a mathematical process model is derived. In this section, only the final
results are given, that is, a non-linear and a linearized model structure. Also, an interpretation
of the parameters can be found in the same appendix.
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Figure 2.1: the laboratory-located process under study.

The non-linear model (appendix A4.1):

h(k)=0, -Qy (k1) (2.1)

12
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Ly (k-1) contains the manipulated output and input samples up to time index k-/; the

regression vector.

The parameters in 6y are easy to estimate and keep their physical meaning. That is, usually
we have to include a reparameterization, through which we cannot uniquely substitute back
and determine the original parameters which contain the physical meaning. See, for example
[Lju87], example 5.1 on page 130.

The linear model (appendix A.1):

h(k)=0,-Q,(k-1), (2.2)
where:
k1)
Q, (k=1)=|hy(k-1) (2.3)
hy (k1)

Or in state space:

x,(k+1)=4,,x,(k)+ B, u(k)

, (2.4)
h(k) = C, ,x, (k)
where:
viu 0 v vis O 100
Apa=| 0 W Wy |iB,a=| 0 wys |1 Cphy :{0 1 0} (2.5)

Va1 Vs Vss 0 0

The indexes p and d refer to the Discrete Process model.
The interpretation of the symbols can be found in appendix 4. /.

The values of the parameters in the matrices have to be estimated by performing an
identification.

The position of the zeros (in the matrix entries) and the parameters are easily verified by a
closer look at the derived process model, using our knowledge of the process. For example, if
we look at the first element in the vector x,(k+1), which is equal to #;(k+1), we can see that
this only depends on /;(k) (the integration), h3(k) (direct connected column) and u;(k) (the
water input).

The non-linear model has to give us a better description of the real process. The only problem
is that we cannot use it for developing a controller with the techniques we are going to use.
But the non-linear model can help us to validate (give more confidence ) our chosen model
structure. Also can it be used in the final stage of controller design, to validate its
performance.

13
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System Identification

This chapter gives a brief introduction to the field of parametric system identification. We
start by stating the problem in section 3.1 and focus mainly on the choice of model structure
in section 3.2. Section 3.3 and 3.4 address basic techniques for parameter estimation and
calculation. Some general methods for model validation are presented in section 3.5.

A special section, section 3.6, is dedicated to the input design, because we can only see
proper system dynamics if we apply a careful chosen input signal (you don’t get what you
don’t ask).

We are not treating any “special” close-loop concepts, as we perform an open-loop
identification of the closed-loop system, and extract a process model with knowledge of the
controller.

The presentation is far from complete, but the purpose is merely to introduce concepts, ideas
and algorithms, which are used in subsequent chapters.

More comprehensive treatments of system identification are given, for example in

Séderstrom and Stoica [S6d89] and in Ljung [Lju87]. Furthermore one can find a detailed
treatment of data pre-processing in the PhD thesis of Backx [Bac87].

3.1 Ingredients of System Identification

System identification is highly iterative in nature and is made up from three main
ingredients: data, the model structure and the selection criterion, all of which include
choices that are subject to personal judgements.

The data Zy : To estimate models we first need to collect data. Let Zy be a data column
vector, containing all inputs and outputs in one row, used for identification:

15



Chapter 3 System Identification

Zy=[z(1) 22) . . 2(N) | e RV, (3.1)

where T indicates the transpose operation.
For a system with p outputs and m inputs:

z(k) = [yl(k) Y, @) ., (k) ]e R (3.2)
where time index £ is equal to i7Twithi=1.. .

It is of course crucial that the data reflects all important features of the underlying system.
The excitation signals u(t) must be carefully chosen so that the system dynamics clearly
show up in the outputs y(t).

The model structure /7: One of the most difficult decisions in identification, if not the
most difficult, is the model structure selection. Roughly speaking, the problem can be
divided into three subproblems:

V' the first one is to specify the #ype of model to use. This involves the selection between
linear and non-linear structures, between black box, grey box and physically
parameterized approaches, and so forth;

V' the next issue is to decide the size of the model set. This includes the choice of possible
variables and combination of variables to use in the model. It also involves fixing orders
and degrees of the chosen model types, usually to some interval. Once these two issues
are settled one has in principle determined a model set /7 " over which the search for a
model can be carried out. However, one problem is that /7 " can be much too large,
although by using prior structural information, it can often be reduced significantly;

V' the last item to consider is how to parameterize the model set, so that the estimation
algorithms have a good chance of finding reasonable parameter values.

Assuming that the members of /7 " can be parameterized by a finite-dimensional parameter
vector 0 € D= R, one particular model corresponding to 6 is denoted //(8). The model
structure to which such a model belongs is defined by the mapping

F1:Dn>0 — [1®) e /T . (3.3)

We will usually not use this theoretic system notation, but instead denote the family of
candidate structures by

y(k.0) = g(k.0.0(k.0)), (3.4)

where )Az(-) accentuates that the function g(*) is a predictor, that is, it is based on signals that
are known at time k. The predictor structure is ensured by the regressor n(k,6), which maps
output signals up to the index k-7 (y(k-1) ) and input signals up to index & (u(k) ) to an r-
dimensional regression vector:

16
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0(k,0) =o(y(k —1),u(k),0) e R™. (3.5)

The selection criterion Vy (0,Z)): measured and model outputs never match perfectly in
practice, but differ as:

£(k.0) = y(k) - y(k.0), (3.6)

where £(k,0) is an error term reflecting unmodeled dynamics on one hand and noise on the
other hand. An obvious modelling goal must be that this discrepancy is “small” in some
sense. The purpose of * the selection criterion is precisely to give “small” a meaning by
ranking different models according to some pre-determined cost function (hence each model
is assigned a quality mark). The selection criterion can come in several forms, although we
shall adopt here a scalar loss function:

1 N
Vi©.2y) == > I(e(k.0)), (3.7)
NG

where /() is a positive scalar-valued function, typically chosen to be quadratic. In the case of
SISO systems this becomes 0.5¢ (k 0) and in the case of MIMO systems: 0.5¢ "Ag .
With the matrix A one can weight the relative importance of the components in € (*).

Once these three items are settled, we have implicitly defined the model search. It then
“only” remains to estimate the parameters 6 and to decide upon whether the model is good
enough or not. If the model cannot be accepted, some, or even all, of the entities above have
to be reconsidered; in the worst case one must start from the very beginning and collect new
data. Thus system identification is iterative and the (model acceptance) criterion shows
personal taste characteristics.

3.2 Model Structures

This section gives an overview of some common model structures.
The section only contains a brief overview, while a lot of the theory is very well known and
can be found in the books pointed out at the beginning of this chapter.

Linear Black Box Structures: linear black box modelling is based on the assumption that
the data originates from a system:

y(k) = G"(g,0 " Yu(k) + H (q.0")e" (k) , (3.8

where ¢ is the shift operator, and G (q,e ) and (q,@ ) are rational transfer functions, both
assumed to be proper and H (q,@ ) additionally assumed to be monic and inversely stable.
Furthermore, the sequence {e (t)} =1,2,...,N, denotes one particular realisation, which for

17
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analysis purposes often is assumed to be white noise. In practice eo(t) is often taken as
Gaussian white noise.

By simply replacing eo(t) by (3.6) we get the one-step-ahead predictor (the predictor
structure follows as H 0(-) is monic):

Y(k0°) = (1 H' (¢.0") " )y(k) + H* (¢.0°) " G (4.0 Yu(k) (3.9)

Because neither the parameters 6 ? nor the structures G 0( ) and H "(-) are known, these must
be searched for in the model structure:

g(k.0,¢(k.0)) = (1- H(g.0) )y(k) + H(g.0) ' G(q.0)u(k).  (3.10)

What this leaves us with is the parameterization of G(*) and H("), which is usually done by
using “some” process information. Several special cases of the structure of (3.70)
(depending on the choice of G(-) and H(-) ) have been so successful in past applications that
they have been given their own names. The most common are; FIR and ARX, which form a
linear regression 6 T(p(t), and OE, ARMAX and BJ which form a pseudo-linear regression

07¢(1,0).

The general MIMO case, with m inputs and p outputs, can be covered by working with px m
pseudo-linear parallel regressions. However, for such multi-variable systems, it is often more
convenient to work with model structures with state-space innovation-form:

x(k +1) = A©)x(k) + BO)u(k) + K©)e(k) »
y(k) = CO)x(k) + DO)u(k) + e(k) ’ (3.11)

with e(k) discrete white noise:
The corresponding one step predictor is given by (replacing e(k) by (3.6) ):

x(k+1) = (A©) = K©)CO) x(k) + (B©) - K©) DO))u(k) + K(©)y(k)

(k) = C0) x(k) + D®)u(k)
(3.12)

Notice that (3.71) is a more restricted structure than the one in [Lju87] (page 86), for where
the Kalman applies, but it is the same structure that Ljung uses in the identification Toolbox
of Matlab.

If all these matrices are filled with parameters it is rather easy to show that the above state
space structure is over-parametrized. That is, it involves more parameters than necessary to
describe the input-output behaviour of the true system, leading to more than one global
minimum. This has motivated the development of special structures (for example; controller
and observer canonical forms), having fewer parameters.

McKelvey has shown that there are black box situations where a fully parametrized state
space structure is to be preferred to these tailed structured, mainly because of numerical
problems. See for example [Kel93].

18



Chapter 3 System Identification

Non-linear Black Box Structures: a lot of things become more complicated when we turn
to non-linear black box modelling.

This area isn’t of direct importance to our work, but it cannot be left out of our small
overview of model structures.

The possibilities are enormous in this area and we restrict our overview to just the basic
structure, from which many black box models follow. See [Lin96] and references therein for
a more complete overview.

Suppose that we have a non-linear MIMO system like (3.8):

y(k)=1°@t.0°, y(k—1),u(k)) +v(k), (3.13)

where f 0( -) is some unknown non-linear function and v(#) an additive disturbance term.
Suppose further that the regression vector ¢(?) has a predetermined number of terms. A
“natural” identification approach then is to try predictor structures of the following form:

£(k0.0(0) = o g, (0(1).B7 ). 5.1

where, sometimes with the abuse of notation, we call g;(-) a basis function. These are usually
rather simple and they all are typically of one single type. Furthermore, the basis functions
mean that each g;(*) essentially covers a certain part of the total regression space. This part is
specified by the parameters B; and y;, where B; is related to the scale or direction of the basis
function and y; specify the position or translation of it. The remaining o; parameter is a
“coordinate” parameter (weight), giving the basis function its final amplitude shape.
Depending on the basis function there are several classifications that can be made.

As an example, we would like to point out a well known non-linear black box model, the so
called neural network (fig 3.1), which have a basis function of the so called ridge type:

g_,((P(k),Bj,Y ,/): k(B;T(P(k)_Y,)s (3.15)

where k(:) is a function of one variable. Well known is the threshold function
k(x)=max(0,sign(x)).

Physically Parameterized Structures: physically parameterized model structures are solely
designed from physical insight and are customized for one specific application or for some
classes of applications.

The model description is fixed, often through quite a laborious procedure, it contains known
constants as well as unknown parameters. This also means that all introduced variables x(k)
have physical significance.

Since most laws of physical are time-continuous it is natural here to adopt the framework of
differential equations.

19



Chapter 3 System Identification

Ipul Layer

Hidden Layer Outpul Layer

Figure 3.1: neural network

Although we often start our work in this domain, the resulting model is sooner or later
converted into the time-discrete world. Before this, the gained relationships are often
summarized in a time-continuous state space form like:

X(1) = £ (6,100, u(0), (1) 516
$(0) = A1, x(0).0,u(1), (1),

where f{*) and g(*) are non-linear functions that, except for the parameter 0 , are known.

3.3 Parameter Estimation

Having determined what kind of model structure will be used, the next step is to use input-
output data to estimate the unknown parameters. These should be adjusted so that the
performance of the accepted model is optimal in some sense. To be able to make this
decision we must define a performance criterion. As a criterion function we use (3.7) (scalar
loss function) and minimize this function, which indirect, results in a small average model
error :

AN

Oy =arg gngnVN(G,ZN), (3.17)

where “arg min” is the operator that returns the argument which minimises the loss function.
Equation (3.17) is a very important and well-known problem formulation leading to
prediction error minimization (PEM) methods.

We can consider two type of PEM algorithms. The first one deals with model structures were
the parameters enter the prediction model linearly and where (3.17) becomes a linear least-
squares problem. This problem can be solved analytically.
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The second type deals with model structures where the parameters enter the prediction
structure non-linearly, were (3.17) can be solved by a non-linear least-squares technique.

Non-linear Constrained Least-Squares: for many grey box problems it is known a priori
from the application which set of parameters values are feasible. Hence it is most natural to
use this insight to provide reasonable initial parameter values for the algorithms above.
However, nothing hampers this knowledge from being violated once the search is started. To
ensure an estimate with some physical meaning, we can include a parameter constraint.

The idea is as follows. The loss function (3.7) is expanded with an extra term, which
contains the parameter constraints:

Vy©.2y) = %—Zl(a(k,e» +pY 60, 0)).. (3.18)

where pj is a positive scalar and o(*) is a barrier function. The barrier function is chosen so
that an increasingly larger value is added to the objective function as the boundary of the
feasibility function is approached from the interior; at the boundary itself this quantity is
infinity. c(*) contains the constraints of all the / parameters.

Spurious and efficient parameters: ill-conditioning of the Jacobian, which is propagated to
the Hessian approximation, is the main numerical difficulty in Newton type of search
algorithms. In identification this problem arises, for example, when the data Zy is not
sufficiently informative or when the applied model structure g(*) is “too” flexible, i.e., it is
over-parametrized.

A rank deficient Jacobian matrix is obtained if one or more of the columns of the Jy contain
zero or almost zero entries only. It also occurs when some of the columns are linearly or near
to linearly dependent.

Zero columns occurs when the criterion function may exhibit flat valleys, which means that
these parameters hardly influence the model output in this search area. Linearly or near to
linearly columns of the Jacobian usually means that several parameters try to reflect similar
system properties.

Both cases mean that we are dealing with parameters that don’t influence the criterion fit that
much. This observation suggests that the parameters should be divided into two sets: the set
of spurious and the set of efficient parameters. Since the spurious parameters do not improve
the fit considerably it is intuitively reasonable to treat those as constant that are not to be
estimated. Notice that this parameter decomposition often can be made quite arbitrarily. For
example, if the model structure is g(-)=(0,;+06,)u(k-1), then either 0; or 0, can be regarded as
efficient.

The above situation can easily occur (less obvious) when using high flexible models. Such
excessive flexibility is found in most black box approaches, e.g., in structure (3./1), in neural
networks, in radial basis function networks, etc., while the problem is rarely encountered
when using physically parameterized structures. In general, physical insight can be used to
reduce the number of spurious parameters. For example, parameters in “flat” regions can be
replaced by constants.

The way to overcome the ill-conditioning problem and automatically unveil an efficient
parameterization are known as regularization techniques.

A regularizing effect can be imposed by adding a penalty term to the criterion (3.7):
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V.(0.Z,)= -]IVZI(s(k,e)) +u0°, (3.19)

where 1> 0 is a small user-tuneable row vector, ensuring a positive definite Hessian.

The regularizing effect is that a parameter, not affecting the first term that much will be kept
close to zero by the second term. This means that p can be seen as a threshold that labels the
parameters to be either efficient or spurious. A large p simply means that the number of
efficient parameters d becomes small.

Altering the criterion to be:

V0.2, = Y10 + 10 —0') (3.20)

yields regularization towards ©'. This is interesting, as 0’ can represent prior parameter
knowledge.

There can be shown [Lju87] that, under mild assumption, the asymptotic misfit essentially
depends on two factors, that can be affected by the choice of the model structure. First we
have a bias error, which reflects the misfit between the true system and the best possible
approximation of it. Typically, this error decreases when the number of parameters d
increases. The other term is the parameter variance error, which usually grows with d but
decreases with V.

Thus there is a clear trade-off between the bias and the variance contributions. Suppose that
a flexible enough model structure has been decided upon. Decreasing the number of
parameters that are actually updated, by increasing i is beneficial for the total misfit as long
as the decrease in variance error is larger than the increase in bias error. In other words, the
purpose of regularization is to decrease the variance error contribution to a level where it
balances the bias misfit.

A statistical analysis, like an asymptotic expression for the covariance matrix of the
parameters, can be found in [Lju92] and [Kel93].

3.4 Parameter Calculation

This section describes how the linear least-square and non-linear least-square problem can be
solved, using fixed model structures.

A more in-depth treatment of the described methods, can be find in [Lin96], [Lju87],
[Gra92] and references therein.

Linear Least-Squares: when all parameters occur linearly one usually talks about a /inear
least-squares problem. This is the case for the structures like FIR, ARX. In fact all structures
of the form GT(p(t), allowing linear as well as non-linear regression vector elements, belong
to this category.
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The optimal solution of (3.17) is found, when the gradient of (3.17), with respect to 0 ,
equals zero, that is:

iVN(e) =0. (3.21)

In case of a MIMO system with a quadratic criterion, (3.21) becomes (Lju87 page 179):

{Z(P(k)A_le(k)]éN = > oA y(k) (3.22)
k=1 k=1

For numerical reasons, the inverse of [-] is rarely formed, but instead the estimate is
computed via QR-factorization or singular value decomposition (SVD), which both are able
to handle rank deficient regression matrices.

Non-Linear Least-Squares: when the parameters to be estimated appear in a non-linear
fashion, in the function to minimize. Typically all structures of the form 0 (p(t 0) belong to
this category.

Methods for numerical minimization of a function V(0), update the estimate of the
minimising point iteratively. This is usually done according to:

A (1) NO (@)
0 =0 +af , (3.23)

where f ™ is a search direction based on information about V(®) acquired at previous

iteration, and o is a positive constant determined so that an appropriate decrease of V(0) is

obtained. Let 0 y e R ¥ .

In this section we will pay especial attentlon to the determination of /. " Depending on the

information supplied to determine f numerical minimization methods can be divided into

three groups:

1. methods using function values only;

2. methods using values of the function V" as well as its gradient;

3. methods using values of the function, of its gradient, and of its Hessian (the second
derivative matrix).

The typical member of group 3 corresponds to Newton algorithms, where the correction in
(3.23) is chosen in the “Newton” direction:

() NO) A )
f = —|:VA.,.(6N )il V'®w~), (3.24)
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with the gradient as:
A A ) A )
Ve ©y )_—NZJ(/C On)e(k,0n). (3.25)
k=1
With J(-) € R dm being the Jacobian vector:

N A NG
A0 o y(k,0 o y(k
J(kBy) = y(A’(r_)N)... y(A’gN) , (3.26)
00 00y

where m is the number of outputs.
Differentiating the gradient with respect to the parameters yields the Hessian:

A

NG NO) A ) A
V@)= ;ZJ(k O )J(kOx)" MN—) ehOn). (327

k=t 69N

The major computational burden lies often in the calculation of the Jacobian J{*). One way
around this difficulty is to numerically approximate the derivatives by finite differences. For
example by a forward difference approximation with a perturbation vector 4, ¢;:

A () A A () A A

NIRRT KOx +he)— O
( N)_ y( (’) ) y( N 2/{) y( N), (328)
5 0, i

with e;, being a column vector with a one in the kth position and zeros elsewhere and with 7,
being a small positive scalar perturbation.

As the first part of the Hessian can be formed directly from the Jacobian, the part involving
the derivative of J(-) is generally rather expensive to compute. Therefore two classes of
methods can be recognised; those that try to approximate the second derivative and those
ignoring it. Here we focus on two methods, which fit in the latter category and hence second
derivative approximations will not be needed.

First we will point out the most simplest way of approximating the Hessian, used by the so
called gradient method.

Gradient method (steepest -descent): since the gradient itself points in a descent direction
a simple and robust idea is to replace the Hessian by an identity matrix of appropriate
dimension, thus avoiding the inverse completely. Hence f will become:

] A (D)

fo==1V;0) (3.29)
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Although simple, one major drawback with the gradient method is that the convergence rate
is rather slow, close to the minimum when the function to be minimized has long narrow
valleys. A. Grace shows this in [Gra92], through an example.

Gauss-Newton method: by neglecting the second derivative term of the Hessian, we get:

7= B0 | ne. 3.30

Note that we left out the constant N in (3.30), which appears in (3.27), as this is just a
constant and can easily be included in o in (3.23)

Now suppose there exists a global minimum, such that € (k,6)=e, (k), such that E{e (k,6)}=0.
Then this value yields to a global minimum of E{V(8)}. Close to the global minimum the
second term of Hessian will then be close to zero, since:

%en(k) =0 Vk, (3.31)

0

where 0, indicates the parameters in the global minimum. As a consequence: leaving out the
second term, will not take away too much of our ‘good’ convergence near the minimum, like
the gradient method does.

Moreover, by omitting the second term, the approximated Hessian is always assured to be
positive semidefinite. This makes the numerical procedure a descent algorithm and
guarantees convergence to a stationary point.

Even though the expression [-] in (3.30) is assured to be positive semidefinite, it may be
singular or close to singular. This is the case when the model is over-parametrized or the
data not informative enough. Then some numerical problems arise when calculating the
inverse in (3.30). Various ways to overcome this problem exists and are known as
regularization techniques. A well known technique is the Levenberg-Marquardt procedure.
Other techniques are the singular value decomposition (SVD) and QR-factorization, which
were already mentioned as a tool for solving the Linear Least-Squares.

Levenberg-Marquardt method: is able to deal with the singularity problems through:

Q) N - N0
f ={( J(-)J(')T) +6 '1} MCIDR (3.32)
k=1
where the approximated Hessian is guaranteed to be positive definite since & > 0. Just like in
the case of the Gauss-Newton algorithm, the update is in a descent direction.
Notice that:

— the Gauss-Newton method is also know as modified Newton-Raphson and Quasi-
Linearization,
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— often the term damped is used, to indicate that a adjusted step size is used (o “ in (3.23)).
For example the damped Gauss-Newton method. Adjusting the step size is done by a so
called line-search method, which we did not point out in this section.

3.5 Model Validation

After estimation, the obvious question is whether the derived model is adequate for its
intended use or not. This is a subjective and overall hard problem of model validation.

To gain confidence in a model, the general advice is to employ as many validation tools as
possible, by using a/l available process information.

So it might be better to speak about model invalidation, as we are doing our best, searching
for some test, which our model will not pass successfully. If it passes the test, we will obtain
more confidence in our estimated model.

For example if the presented parameter represents the length of a rod it must at least be
positive. Test of this kind belong to the prior knowledge category, and are especially
important when the parameters have a physical meaning.

The overwhelming majority of methods, are based on experimental data. A basic test is to
investigate the variance of the estimated parameters. A high variance compared to the
parameters value indicates that something is wrong. Another useful method is to estimate
several models simultaneously parallel. The frequency response of a parametric model can
for example be compared to a non-parametric spectral estimate. This non-parametric model
is not very useful for developing a controller, but for validating in the frequency domain it
serves as a nice tool. Especially while it has a small bias and hardly depends on any prior
knowledge, which gives a high confidence level.

The most versatile validation tool for all categories is simulation. The true system and the
derived model are then fed with the same input signals, whereupon the measured outputs are
compared to the ones computed from the model. For a fair comparison it is desirable here
that the experiments are based on fresh data, that is, data not used for estimation. This is
known as cross validation.

It is also often worthwhile to investigate the residual sequence €(*) (3.6), especially on new
data.

The often assumed “whiteness” (all process information is captured by the chosen model
structure) of the residual sequence can be tested through the sample covariance

R;,(r):% Y e(k,0.)e(k—7.0.1), (3.33)

k=max(1.1+1)

which for t© > 0 should be “small”, at least if N is large. Furthermore, the assumed
independence between the input and residual signals can be inspected by plotting

N+t

R (1) = % Za(k,é Wu(k 1), (3.34)

k=max(1.14+1)
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for various time lags t. These should also be “small”, since otherwise there is more
information in the output originating from the input, which means that there is still
unmodeled dynamics present.

The significance of these tests can be seen by substituting (3.8) and (3.10) in (3.6), so that we
get:

£(k.0) = H*(q,é){(G(q,é) ~ G*(¢.0")u(k) — H'(¢.0 °>e(k)} (3.33)

It can easily be seen that both G "(q,e 0) and H o(q,E) 0) are estimated correctly, if (3.33) is
small. Whereas (3.34), will only tell us if G "(q,e 0) is estimated correctly, that is, (3.34) will
be small, when the bias term G(*) — G0(~) is small.

3.6 Input Design

Because we haven’t any restrictions on our input design, as with an industrial process, we are
left with a lot of freedom to carefully construct an input signal which is informative enough
to estimate a reliably model.

In this section we take a closer look at two methods for the construction of our input signal,
namely the Binary Noise and Generalized Binary Noise, which can easily be used in practice.

Input design has been a research topic for several decades, and various mathematically based
procedures have been developed to design an input signal. See the thesis of v.d. Klauw
[K1a95] and references herein for an overview.

Most mathematical ideas are based on reduction of the parameter variance.

Let us not forget that the model error consists of a bias part and a variance part, like
equation (3.35) indicates. The bias part is caused by wrong, or under-modelling (the true
model cannot be estimated in the chosen model set) and in practice, by the finiteness of the
data. The variance part or model uncertainty is caused by noise, acting on the process. It can
be influenced by changing the parameterization and by the test-input signal.

The drawback of most of the input design methods are that they are often not easy to use
within a reasonable amount of time in practice and depend on a lot of prior information.

The amount of information in the data depends on the experimental situation, which mainly
is determined by the sampling time, the acquisition equipment and the input signal.
An experiment is informative enough if the data allows discrimination between any two
models in the chosen set.
Ljung shows that, in case of linear model structures [Lju87]:
V' an open loop experiment is informative if the test-input signal is persistently exciting;
V' a quasi-stationary signal {u(k)} is persistently exciting of order n, if the frequency
spectrum @, (o) is different from zero at at least » points in the interval -n < » < 7.
As a consequence: a maximum number of # parameters can be estimated, when we use an
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input signal u(k), that is persistently exciting of order n. It is thus sufficient to use n
sinusoids to identify an nth-order system.

With the above two statements we can construct an experiment that is “informative enough”
to generate data sets that are “informative enough”, which still leaves us with a lot of
freedom. This can, for example, be used to construct ®,(®) so that the variance in the
parameters is minimised by choosing some appropriate cost function.

The construction of the input signals in this section scarcely uses this freedom, but surely
satisfies the above requirements needed for an informative experiment and doesn’t require a
lot of a priori knowledge.

Binary Noise (BN): a sequence that switches between two values (e.g., -1 and 1) with a non-
switching probability p = 0.5. The signal has equal power over the full frequency range up to
half the basic switching frequency, which is usually chosen so that we have equal power over
the whole frequency region of interest in which the system is located. So, every mode is
activated with the same amount of energy. The basic switching frequency is the fastest
possible switching frequency.

The amplitude of the input signal, often depends on the linearity of the process around the
working point.

As the basic sampling frequency determines an upper limit, the length of the experiment
determines the lower limit of the frequency area, which can be identified.

As discussed in [Bac89], the length of the identification data has to be chosen 5-10 times the
largest relevant time constant to allow reliable estimation of the process eigenvalues.

Advantages of a binary noise test signal in comparison to other test signals such as a

multisine:

— from an operational point of view, a BN signal is much more acceptable than a test signal
which has non-constant amplitude, such as an ensemble of sine wave signals or white
noise.

In the process industry it is preferred that control engineers perform BN or step response
experiments since this type of disturbance is familiar to plant operators;

— the approach doesn’t call for detailed a priori knowledge like an optimal multisine
wave;

— optimal multisine wave signals concentrate their energy in, or in the neighbourhood of,
the natural frequencies, as this is most informative. However plant operators do not easily
accept such a concentration of energy at such “critical” frequencies.

BN is also know as Pseudo Random Binary Noise Sequence (PRBNS) and among others is
used in [Bac89] and [Lju87].

Generalised Binary Noise (GBN): a binary noise signal with a non-switching probability 0
<p < 1. The sequence has an extra free parameter p, which results in more required a priori
knowledge than a BN to determine p.

This signal is introduced by Tulleken [Tul90] to overcome the serious shortcomings of BN in
conjunction with one-step-ahead predictor error estimators. Such estimators appear to give
an unfair advantage to higher-frequency components, as they only look one step ahead. By
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changing the non-switching probability we can manipulate the frequency spectrum of the
test-input signal, such that most power is concentrated in the lower frequencies.
For controller design this is usually the most important frequency area.

Alternatively the BN can also be used to put more energy in the lower frequencies by
enlarging the basic switching time 7'= MT with M=273,... The basic switching time is
defined as the smallest possible switching time.

An important drawback is hidden in the fact that we are not able to properly excite
frequencies higher than ® =2n/MT), while the basic switching time is 7"=MT. The
continuous-time spectrum of the M-fold conventional BN is ®(w)=MT. sinc((oMT/2)2 [Tul90].
We are confronted with gaps in our spectrums at frequencies: © =2kn/(MT) with
k=1,2,3....0On the other hand any GBN has it its gaps at more irrelevant frequencies ©w=2kmn/T.

In [Tul90] a method is developed to estimate the optimal p for a general SIMO ARMAX
system, where it is assumed: the number of observations are “large”, so that {u;! and [y}
become almost stationary stochastic signals, and an asymptotically unbiased estimator is
used. The optimal non-switching probability is estimated by maximising a cost function,
which contains the ARMAX parameters, which are not a priori known. After a process
model has been estimated, one can use this cost function to find a “better” input design, to
estimate a more accurate process model.

Tulleken developed guidelines for estimating a sub-optimal p, which he derives from Monte-
Carlo experiments with a second order process, with white noise added at the input and
output. Of course this is a restrictive choice but a significant amount of processes can be
very well approximated with second order dynamics. The guidelines are summarised in fable
3.1 and are calculated by solving a cost function numerically

Process type Th P E{T}/x,
First Order 1/32 0.94 172
Sec. order min phase 1/25 0.8 1/5
osc. damped non-min phase 1/15 0.8 1/3
Sec. order min phase 1/20 to 1/10 0.9-0.95 1
over. damped non-min phase | 1/20to 1/10 0.9-0.95 1

Table 3.1: guidelines for sub-optimal p.

In table 3.1 we use 1, for the 99 % settling time and E{T} for the expected switching time
[Tul90]:

E{T} = T (3.36)

l-p

If another basic switching time 7" has been chosen than the one corresponding to the third
column (7/xy), p should be adjusted by using the last column together with (3.36).

Note that we “only” need some knowledge about a step response (settling time, osc. damp) a
priori to estimate p.
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3.7 Pre-Processing of Data

This section describes techniques that have been developed to carry out various signal
manipulations to improve the modelling of a process after the input-output data has been
collected.

All polishing actions carried out on the signals, are directed to increase the ratio of relevant
information on the process dynamics to disturbances, blurring that information.

Just like the other sections it contains only an overview and a more detailed account can
been found in [Bac87] and [Lju87].

Pre-processing of the collected process data involves the following processing steps:
peak shaving;

trend determination and correction;

scaling and offset correction;

filtering;

delay time correction;

sample rate reduction.

222 2 2 2

Peak shaving: is required to reduce the effect of spikes (peaks due to e.g. loose contacts,

power failure, cross-talk between cables etc.) on measured process signals. In industrial

practice, spikes are often induced in the sensors and the long leads from the sensors to the

measuring equipment.

The amplitudes of the noise spikes may be very large compared to the actual signal range.

If these spikes are not removed from the signals, they may form an important part of the

noise energy. As a consequence the spikes can have a considerable influence on the ultimate

model, although they have no relation with the process itself. This a priori knowledge has to

be used for reducing the influence of the spikes which can be accomplished by using the

following signal processing procedure:

— clip the signal amplitudes to values never to be reached by the real process signals;

— compute a trend signal from the clipped signal;

— compute the standard deviation of the trend-corrected, clipped signal;

— interpolate all samples of the original signal that are outside a band defined by the trend
signal plus and minus a times the computed standard deviation, where a is chosen such
that no signal value exceeds the permitted signal range.

Trend correction: is generally required as measured process signals often show drifts or
variations of which the cause in most cases is known. In general not all process variables that
influence the output are selected as input for modelling purposes. These inputs that haven’t
been selected can however, contribute to the changes in the output, which can be considered
as coloured white noise. They don’t average out because of their low frequency behaviour
and the relative ‘short’ data length. As a consequence they have a bad influence on the
estimation.
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Mostly it is impossible to prevent drifts and slow variations during open-loop experiments,
but these drifts will eventually be compensated for, by the MIMO control system to be
designed.

The trend can be removed by subtracting it from the data. It can be estimated with a
symmetric, non-causal, low-pass filter, as such a filter has no phase shift. The idea is to filter
twice: once with a causal low-pass filter, which has negative phase shift, and a second time
with the corresponding anti-causal low-pass filter, which has a positive phase shift. The
average of the sum of the two filtered signals obtained, will not be shifted in phase.
Mathematically this can be expressed by

-1

Vo= 2 By =i)+ Y Yk =iy = D hy(k 1) . (3:37)
i=0

j=—0 j=—0
where 4 and /£ “ are the impulse responses of the causal and anti-causal filters respectively.

Scaling and Offset correction: we want to describe the dynamic behaviour of the process in
its working point, so the offsets need to be subtracted. Especially in practice, these offsets
can be rather large compared to the signal changes, which could lead to loss of
computational accuracy.

In general not all inputs and outputs have the same order of magnitude. The numerical values
obtained are related to physical quantities which in general do not even have the same
dimension. The signal with the largest numerical value will automatically get the highest
weight in the quadratic criterion which is minimised in the estimation phase. As a
consequence, if no scaling takes place, the model obtained for the description of the process
dynamics, will be good for the input/output combination with the largest numerical values
and bad for the input/output combination with the smallest numerical value.

Scaling can best be done with respect to the power contents of the signals.

To make the power of all signals equal, first the average power of each signal is determined.
The average power of the dynamic part of the signal is equal to the variance of the signal.

To make the average power of each signal equal to one, each sample, after the offset has
been subtracted, is divided by its standard deviation, i.e. the square root of the estimated
variance. As a consequence all outputs will be equally important for the identification
algorithms and the relative accuracy of the various transfers will no longer depend on the
signal amplitudes.

Let X, and X, be the diagonal scaling matrices:

y.() =2 y(0); u(t)=Xul), (3.38)
and the chosen model structure:
y(s) = G()u(s) (3.39)
After scaling, we will estimate the transfer function G*(s):

y.(5)=G (sHu(s) with G(s)=Z'G(9)Z,. (3.40)
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So the original transfer function can be recovered by multiplying the estimated transfer with
the scaling matrices, as indicated in (3.40).

In case of a state-space presentation:

x(1) = Ax(t) + Bu(t)

3.41
y(t) = Cx(t) + Du(t) (3.41)
the estimated state-space model will be:
x(t) = Ax(t) + Bu(t
(0= () + B () )
() =Cx(t)+ Du(t)
with
B=BX ; C=X/C" and D=X'DX, . (3.43)

Filtering: has to prohibit aliasing effects caused by sampling and has to reduce the

influences of the disturbances on the measured process signals. On the other hand filtering

on the data may give rise to undesirable loss of relevant process data. Therefore the design of
appropriate filters is an important step.

The design of a filter is mainly governed by the following constraints:

V' In the pass-band the filters are not allowed to have noticeable influence on the signal
characteristics. Therefore they need to have a flat frequency response.

V' The cut-off frequency of the filters has to be chosen high enough so that the filters don’t
introduce a significant attenuation and phase shift at frequencies covered by the process
dynamics.

\' Disturbances at frequencies beyond the bandwidth of the process have to be removed as
much as possible in order to prevent problems caused by folding effects and to reduce the
influence of the disturbances.

Considering these constraints, we choose for a Lowpass Butterworth Filter (LBF), as it
guarantees a maximally flat passband and it has an easy electric realization.

A digital 1BF can easily be determined with, for example Matlab. The design of an analog
LBF asks for some extra work and will be treated in this section.

We will point out some of his properties and a design procedure, which makes it easy to
develop them. A more detailed discussing can be found in [Val82].

An analog LBF is based on the connection of several second order transfers of the form:

2

H(s)=—— 20 (3.44)

S —s4+ol

0
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with the same ®,’s and different O’s, to get the desired rolloff in the transition band, as
(3.44) only has a rolloff of +20 dB per decade.

The frequency response of (3.44) is maximal flat in the passband with a DC-gain equal to
one.

We then have to determine the ®,’s and Q’s to meet our specifications. This can be
accomplished with the following design procedure:

specify the filter;

find the order », which has to be an integer;

determine ®,;

determine O,

realisation of an electric circuit.

SRS

1. Filter specification: The filter is often specified as done in figure 3.2.

£
-3
2 tlransition
© L band stopb %nd
Knin, |[——  —— —‘ —
| q “
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< 4 ”
)
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< RS S rounding
error < 2
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Figure 3.2: filter specification.

Where ®,, Oyqy and @, Oy, are used to specify respectively the passband and sperband.
Notice that « is calculated by [dB] = —20-log[H(s)|.

2. The order #n: is determined with the following formula [Val82]:

10“,,,,-,,/10 -1
log Oy /10
=107 =1 = =1 (3.45)
2log—
()

r

Because 7 will in general be a non-integer, it has to be round up, to make sure we meet our
specifications.
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3. Determination of w,: A maximally flat passband is realised by making sure that all
derivatives of |H(s)|, near =0, are zero. This is accomplished by choosing [H(s)| such that it
yields [Val82]:

1
H(s),| = ———, (3.46)

1+(ﬂj
CO()

where » indicates the amount of LBF elements of the form (3.44).
From (3.46) we can obtain an expression for ®,:

(@)

® 0= (10‘1/10 _ I)I/Zn ' (347)

Depending on which frequency has to be met exactly (fig. 3.2), one uses ©, or o, in (3.47).
This difference in o, is due to the rounding error in the order n . In figure 3.2 the effect of
the rounding error is indicated, when we are taking o, as exact point, that is, the filter
response has to go exactly throw o,.

4. Determination of Q: it can easily be shown that all n poles [Val82]:
— lie in the complex, left half-plane, on a circle with radius w;
— are symmetric with respect to the real axis;
— are separated by the same angle.
As a consequences; the position of the poles are exactly know, when the order is given.
Considering (3.44), the following expression for O can be obtained:

1

=, (3.48)
© 2cosy,

with i=1..n and ; the angle between the negative real axis and the poles in the upper left
half-plane.

The parameters Q; only depend on the order and are listed in textbooks like in [Val82].
Notice that (3.48) can also, easily be determined when we use the damping parameter ¢ in
(3.44), instead of O, which is more familiar in control theory. We know that ¢ ;=cos\, and

0=1/(2 9.

5. Realisation of an electric circuit: when w, and all {);’s have been determined, an
analog circuit have to be determined to implement our parameters.
There are several possibilities, which all use one op-amp (operational-amplifier) to realize
(3.44). The circuit we will use is shown in figure 3.3.
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In Out

T

Figure 3.3: realisation of a LBF element.

Ce

With: C = 20 ; C, = L (3.49)
20 O R

Delay time correction: one is often confronted with the problem that the signals to be used
for process analysis and process modelling can only be measured with, sometimes
significant, time delays. For example when a temperature cannot be measured directly, but
only from a certain distance.

Time delays can easily be compensated by shifting the input and output relative to each
other. For a process with m inputs and p outputs, each output can show a delay in the
response to each input, so that finally m-p different time delays may be found. However, the
number of delays that can be compensated by shifting the signals against each other is only
m+p-1.

Time delays remaining after compensation, have to be estimated as part of the model, which
will increase the number of parameters that need to be estimated. More parameters will
decrease the expected accuracy of the parameters (increase of variance), as they have to be
estimated from the same data.

Estimation of the delays can be done with correlation techniques. One method is based on
the analysis of the cross-correlation between process input and output signals. For this
purpose the process under investigation is assumed to be ergodic. The input signal applied to
the process is assumed to be a stationary, white, inter-channel independent, zero mean noise
sequence with variance:

E{uuT}=0211, . (3.50)

Furthermore the input signal is assumed, not to be correlated with the output noise signal
n(k). The process response to an arbitrary input signal may be written as:

Wk =S Mtk —i)+n(k), 351

where M; form the Markov parameters.

35



Chapter 3 System ldentification

The final cross-correlation between process output and input is then estimated to be [Bac87]:
V() =0’ M, (3.52)

Consequently the cross-correlation function obtained will have the form of the impulse
response.

If the input signal doesn’t match the required assumptions, the cross-correlation function is
the convolution of the impulse response with the auto-correlation function of the input. One
can also first filter the data by whitening the input as much as possible, as done by Matlab.

The time delays can be found from the cross-correlation function by looking for the
beginning of a sequence of values that differ significantly from zero. Due to the finite length
of the data sequence used for the computation of the cross-correlation function, the first
elements of the computed correlation function will not be equal to zero even if they present a
pure time delay.

Sample rate reduction: to build in redundancy that may be used for signal processing, the
data is sampled at a frequency 5-10 times higher than the bandwidth of the process. For
example, filtering the data analog to overcome aliasing can be done better at a frequency
much higher than the process bandwidth. More accurate filtering can better be carried out
digitally.

After all pre-processing has been carried out, one has to reduce the sample rate to the
frequency used for building the model. This operation is called decimation. Before
decimation, one probably has to filter the data (digitally) again to prevent aliasing.

3.8 Final Remarks

After the basic concepts of system identification have been described, which are needed to
estimate an “good” model, we can finally start with our identification in chapter 5.

A lot of literature has been devoted to the subjects described in this chapter. Therefore
system identification has often been described as an area crowed with seemingly unrelated
ad-hoc methods and tricks. However, as Ljung points out in his book [Lju87]; the underlying
basic ideas are really quite small, and that it is indeed quite possible to orient oneself in the
area of system identification with these basic ideas as a starting point. This is the reason why
only identification concepts were described in this chapter, which will be used as a starting
point in chapter 5.
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Controller Design

After an appropriate process model has been estimated, several controllers can be developed.
The basic concepts of the controllers, that need to be developed, are outlined in this chapter.
The first section explains the ideas of the LQR controller, which is also used to perform a
closed-loop identification.

In section 4.2 we explain the development of a robust controller based on the minimisation
of the systems co-norm, which gives us the possibility to incorporate process uncertainties in
an explicit way.

Only an overview will be given, and in the corresponding sections, one can find literature
references for a more in-depth discussion.

4.1 LQR Design

A brief overview of the LQR concepts will be given. A more detailed treatment can be found
in [Dam96a], [And90] and [Fran94].

The LQR (Linear Quadratic Regulator) controller belongs to the family of the state-feedback
controllers, where the states of the process form part of the inputs of the controller.

A well known feature of these controllers is that they use more process information (the
states). Therefore, they can in general perform better then when only the process inputs and
outputs are used.

State-space design consists of four independent steps:

1. determination of the control law;

2. estimation of the states;
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3. combining the estimator and the control law;
4. introducing the reference input.

The outputs of our process are equal to the process states, so step 2 and 3 are left out.
Determination of the control law: consider the following process:

*(t) = A, x(1) + B u(t)
W1) = C,x(1)

(4.1.a)

or in discrete form:

x(k +1) = 4,x(k) + B, u(k)

s 4.1.b
W) = Cox(k) (1)

where the time index £ is equal to i7 with i = 1..o0, with 7 indicating the sample time.
Notice that (4.1.h) doesn’t indicate the discrete counterpart of (4./.a), as they are using the
same symbols 4, B, C, D to indicate a process.

The control law has the following form:
xi(d)
. L | x(d)
u(d) = K(d)-x(d) with K(d)=[K(d) Ky(d) .. K,(d)]and x(r)= , (4.2)
x,(d)
were the time index d can be either the continuous time index # or the discrete time index k.

Combining (4. 1) with (4.2) yields:

*() = (4, — B, K)x(1)
W)= C,x(1)

(4.3.a)

or:
x(k +1)=(4, - B,K)x(k)

4.3.b
(k) = C,x(k) 43

Note that no reference signal appears in (4.3), as the original regulator problem is to apply a
control signal u(#) such that the states x(#) are returned to zero as quickly as possible. In step
four, the reference input will be introduced.

For an nth-order SISO system, there will be n feedback gains, K,..,K,, . Since the system has
n poles, it is possible that there are enough degrees of freedom to select arbitrarily any
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desired pole location by choosing the proper values of K; (pole-placement problem),
provided that the state-space realisation of the process is controllable.

How do we choose the closed-loop pole locations ?, or in other words; how do we find the
correct value for K; in (4.2). One approach is called optimal control, which minimises a cost-
function. LQR makes use of the following cost function (performance index):

7= L 00K+ RuO i + 170 3

with 0>0, R>0, P. >0

(4.4)

The matrices Q and P, are symmetric, non-negative definite; and R is symmetric, positive
definite and are used to “tune” the performance requirements.

Note that the cost function is considered for continuous process models . However if we
consider discrete process models, like the ones given in (4.1.5), the integral will become a
summation and the time index ¢ will indicate the discretization of the continuous time
interval.

By means of R, Q, t; and P; we can give different weightings to the cost of control and the
cost of deviation from the desired state. The choice of these quantities is more an art than a
science.

We will restrict ourselves to linear time-invariant feedback control, where K isn’t a function
of #. The so called time-invariant solution can be found by letting 7 go to infinity. In this
case the matrix P, no longer makes sense, while x(z;)=0 for t; >0, such that it can be
omitted.

Solving (4.4) in case t;—>c0 , when dealing with a continuous process model [Dam96a]:

k=-r"'8Tp, (4.5.0)

where P is the (unique) symmetric positive definite solution of the Algebraic Riccati
Equation:

P4, +A4,"P—PB,R"B,"P+0Q=0. (4.5.h)
Solving (4.4) in case t;—o0 , when dealing with a discrete process model (Dam96a):
1
K=-[r+B;PB,| B P4, (4.6.0)

where P is the (unique) symmetric positive definite solution of the Discrete Algebraic
Riccati equation:
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P=AyPA,~4,"PB[R+B]PB,| Bl PA, +0. (4.6.b)

This leads to an asymptotically stable closed-loop system, while x(1r)=0 for ty—o0, provided
that the process is stabilizable and detectable.

[n comparison with other techniques that find an appropriate K, LQR offers a convenient
way of including the control effort that is allowed. However, it doesn’t allow explicit control
of the transient response.

Introducing the reference input: the state feedback X, as determined in the preceding part,
brings the states as soon as possible to zero. However, in practice, the output, which is a
function of the states, has to follow a certain reference signal, with a zero steady state error.
In [Fran94] two approaches are discussed for introducing the command input signal.

One method re-defines the old states. The LQR controller will then be developed to force
the state-error to become zero, instead of the states themselves. The state-error is the
difference between the measured, and the desired sate. The desired states reflect the desired
outputs.

Knowledge of the desired states has to be available to ensure a zero steady-state error
between the output and the reference signal, which involves exact knowledge of the matrices
Ap, B, C,, D,, which is seldom available. As a consequence, we can say that the method is
not very robust, as a small process change will cause the steady-state error to be non-zero.
The above method has a feedforward control structure, whereas the following method has a
feedback structure and it doesn’t make use of “any” process knowledge.

A common method for tracking signals is by introducing integral action into the controller.
New states are introduced to include the integral action, which will cause the steady state
error to become zero, without the need for process knowledge. In this section we will
introduce direct integral action, which causes the steady state error to become zero for step-

wise inputs, which are most common in practice.

Consider again (4.1.a) and introduce:

X () = y(1) = (1) (4.7)

Thus the augmented process becomes:
N 0 C t 0 -1
x 1 (1) { 1’} [xl( )}r[ j|u(t)+[ }r(r), (4.8)
w0y | O A L@ ] |5, 0

and the feedback law:
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ut)=[K, K, {’:g))}. (4.9)

They will result in a control configuration as shown in figure 4.1

g)i@g}ﬁéﬁted process (t)
. a(t)  + () 1
Process A2) -/
" =(t)
K ()

Figure 4.1: the augmented process.

Figure 4.1 corresponds (again) to the original problem formulation, for where the LQR
controller was developed, and (4.5) and (4.6) were derived.

The LQR controller is determined for the augmented process. However, the total controller
exists of the feedback gain K and the (included) integrator.

The signal e(?) can be seen as a state vector containing disturbances, reflecting the reference
signal, which need to be brought to zero.

The performance matrices R and Q are used to “tune” the performance requirements, such
that we choose the weighting matrix Q so, that only the states x,(z) are weighted in (4.4) and
not x(1), as these are not the ones we wish to bring to zero !

When we are dealing with a discrete process model, we have to approximate the derivatives
in (4.7) This can be done with difference equations. For example by a ZOH approximation,
like also was used in appendix 4./:

h(k +1) - h(k)

h(k) = >

(4.10)

Equation (4.7) then becomes:
x;(k+1)=x,(k)+T(y(k)—r(k)) (4.11)

Thus the augmented process yields:

xk+0]_[1 16 [xm] [0] o [-T1] .
{x(kﬂ)} 0o 4, || x0T B, [T o B G
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and the feedback law:

(4.13)

u(k) = [K1 X, ]‘I:X[ (k)}

x(k)

In [And90] some interesting features, concerning the robustness of the optimal time-

invariant regulator are dealt with, in case no estimator is used. We would like to point out

two of these features that concern the gain and the phase margin:

V' when no estimator is used, to reconstruct the states, we are assured to have an infinity
gain margin in each loop , with a downside limit of /5 ;

V' a phase margin of at least 60 degrees.

However, as they share the same properties, we shall only examine them for SISO systems,
as MIMO systems are more awkward to consider.
A more in-depth discussion of these properties and more, can be found in [And90].

We shall consider our fundamental open-loop system as given in (4./.a), that is completely
controllable, observable and time-invariant. Let (4.4) be our performance index (cost
function) with z—c0.

Then, the following will hold [And90]:

R+ B! (—jol - 4" 0ol - 4,)"' B, =
, 1 T o @1y
[J—B,i(—jmz_A,‘,)‘ KT R - K(or - 47y 5,

and

[1- B (—jol - 4))" K"]R[I - K(jol-4,)"B, ]2 R. (4.15)
The inequality (4.15) is a simple consequence of (4./4), once it is recognised that ]\i*QN is
non-negative definite, with O non-negative definite and N arbitrary. The operator () takes
the transpose and the complex conjugate of the matrix (-). Equation (4./4) is known as the

return difference equality, and a proof is given in appendix B. 1.

For SISO systems (4.15) becomes:
2
'I-K(joa]—Ap)‘pr’ >1. (4.16)

Or in terms of the sensitivity function:

1S]<1, (4.17)

for all frequencies, as:
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S=[I—K(jo>1—Ap)“1Bp]l. (4.18)

The left side of (4.18) is known as the return difference, when the system is given as in
figure 4.2.

z(t)

Figure 4.2: the closed-loop part of the process with LOR
control.

Gain margin: we recall that the gain margin of a closed-loop system is the amount by which
the loop gain can be changed until the system becomes unstable.

The Nyquist plot is a curve in the complex plane, obtained from the complex values of -
K(jco]—Ap)'IBp, as o varies through the real numbers from minus to plus infinity.

Because of (4.16), the Nyquist plot of the closed-loop system avoids a certain region of the
complex plane, which is equal to a circle of unit radius centered at -1+j0. That is, the
distance of any point on the Nyquist plot from the point -1+j0 is at least unity (fig. 4.3).

It is known that when a closed-loop system is multiplied by a constant factor f3 , it will
continue to be asymptotically stable if the Nyquist diagram -K(]'(:JI—A],)']BI,J encircles the point
-1/B+j0 a number of times counterclockwise, which is equal to the amount of unstable
process poles.

Consequently, asymptotic stability is guaranteed for all real 3 > %, as in this case the point
1/B+j0 lies in the avoided circle.

a Nyquist plot

Figure 4.3: the avoided region by the
Nyquist plot for a system with LOR conirol
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Notice that we already showed that the LQR controller results in a stable system. In this
case, the Nyquist plot always encircled the avoided circle counterclockwise, a number of
times equal to the amount of unstable process poles.

Phase margin: we recall that the phase margin is the amount of negative phase shift that
must be introduced (without gain increase) to make that part of the Nyquist plot,
corresponding to ® > 0, pass through the point -7+;0.

The phase margin is determined from that point, or those points on the ® > 0 part of the
Nyquist plot, which are at unit distance from the origin.

As the system avoids the circle with unit radius centered at -7+50, the smallest phase margin
that can be constructed is 60 degrees. So the phase margin is at least 60 degrees.

The same results, referring to the gain margin and phase margin, hold for the MIMO case, in
each loop, provided that the weighting matrix R is diagonal. The only difference is, that
instead of (4.17), we obtain:

G(RM™SR™*) <1, (4.19)

for all frequencies, wherec is the largest singular value and S and R can be found in
respectively (4.18) and (4.4).

Notice that:

— the robustness properties still hold for the augmented process. This can easily be seen by
taking a closer look at the proof of the return difference equation in appendix B. /. Hereby
keeping in mind that, the reference signal can be seen as an disturbance, influencing some
of the states and that the state matrices are expanded, due to the new introduced states;

— in the case when an estimator is used, these features are lost. The more the process differs
from our estimated observer model, for reconstructing the states, the smaller the critical
circle becomes;

— the robustness properties were derived in case of a comtinuous process model with a
analog controller.
Anderson also derives almost the same robustness properties in case of a discrete process
model with a discrete controller, which are about the same, depending on the sample
time. For example, there also exists an avoided circle, centered at -1470, with a radius,
that is equal to one when the sampletime approaches zero. However, the gain margin can
never approach infinity, as some system poles will be located outside the unit circle,
centered at zero, which forms the stability boundary.
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4.2 Robust Controller Design

With Robust control we mean that we want to develop a controller which can deal with pre-
defined process uncertainties in an explicit manner. That is, we can still guarantee certain
performance objectives, regardless of these uncertainties. The performance objectives can be
tested by analysing the systems co-norm.

We will begin by defining our process under study and some of his properties. Next we will
look how these properties can be used to define our performance objectives and how they
can be realised by making use of the systems oo-norm. We will focus our self on the basic
ideas and the problem formulation. A more detailed background can be found in books as
[Zho96], [Cla95]. and [Dam96b].

4.2.1 Nominal Performance

Lets us consider the control configuration as shown in figure 4.4.

disturbance

Controller Process %)L

r u Y output
C P 2

reference =

measurement
Z noise
&
%

Figure 4.4: Simple control configuration.

we can derive the following:

y=T-(r—p)+S-d

ezr—y=8S-r—-d)y+7T-p (4.20)
u=R-(r—-p—d)
with
T= PC(I+ PC)™
S=(+PO)" (4.21)
R=C(+ PC)™!

Where 7, S and R are known as respectively the complementary sensitivity, the sensitivity
and the control sensitivity functions.
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Notice that:

— for reasons of conveniently, we left out the function argument of the symbols in (4.20)
and (4.21);

— the above expressions are also known as the output complementary sensitivity, the output
sensitivity and the output control sensitivity functions, as they are measured at the plant
output. We will, however, not make this difference.

From (4.20) it follows that:

\ for a good disturbance error reduction, that is for » - d to affect e to the least extent, S
should be small;

\ fora good measurement noise error reduction, that is for p to affect e to the least extent, 7’
should be small;

V' for the “disturbances” - d and the noise  to affect the control input u to the least extent,
R should be small.

From above it follows that 7, S and R should @/l be made small. However it can easily be

seen that the following holds:
S+7T=1, (4.22)

which indicates that 7, S and R can’t be made small in the same frequency area, such that
there should be a sort of #rade-off. Fortunately the spectra of the disturbances d are usually
concentrated at low frequencies, whereas the spectra of the measurement noise p is
concentrated at higher frequencies. Thus one may shape 7 and S, such that S(jm) is “small” at
low frequencies and 7(jo) is “small” at high frequencies.

If both 7" and S should be small in the same frequency area, we could think of a two-degree
of freedom controller, making use of the feedback controller C (fig. 4.4) and a pre-
compensator, located at the reference input.

We would like to have a scalar measurement of the systems 7, S and R to be able to speak
about a “small ” T (or S, R). For SISO systems we can easily use the maximum absolute
value of the complex frequency responses |7 (jo) l, [S(/'(D) | and | R(jo)|. For the MIMO
case this is not that straightforward. We could think about using the spectral radius p as a
scalar measurement:

(4.23)

>

p(A) = max|};
1

where A; are the eigenvalues of the matrix 4. However the eigenvalues may give poor
indication of the “gain” of a transfer function, if the gain is measured as the 2-norm ratio of
the output y to the input u. See [Cla95] for a nice example, indicating this drawback..

We will use the £,- induced norm as a scalar measurement, defined as:

|,

[H] 500 = sup—W— with u € £, (4.24)
2
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“Sup” stands for supremum. H(jo) is a stable transfer function matrix and £, is a normed
space known a the Lebesgue space for continuous signals, defined as:

ju(z)Tu(t)-dt <ot (4.25)

—00

£y=u(t) ”u(t)”2:

with u(z) € R a vector as function of time.

Let the H,, norm of a stable transfer be defined as:
|H|. = sup G(H(jo)), (4.26)
» eR

where G (*) is the largest singular value.
It then can be shown that [Dam96b]:

|, =41, (4.27)

So a small 7(jo) now means that || 7(jo)]| . should be small, or in other words we need to
minimise H,, norm, by calculating a correct stable controller C(s).

Weighting functions can be used to reflect the frequency area of interest. A typical
performance specification for robust control is given as a weighted sensitivity function:

sup G (W, (j)S(o W, (jo) = [, (o )SGo W, (o) <1 (428

Q

where W,,; and W,,, denote the input and output weight respectively, as shown in figure 4.5.
The normalised input vector d’ is assumed to belong to the Lebesgue space, which we
defined in (4.25) with their norm bounded by 1.

The input weight W, is used to transfer the normalised inputs to the physical inputs. For
example, disturbances d are usually expected to have small amplitude at high frequencies.
Thus, if disturbance rejection is of primary interest a low pass filter would be a possible
choice for W,;.

The output weight #,,, is used to trade-off the relative importance of the individual errors in
e 